Trigonometric ldentities

Exercise 10.2 (Solution) for Class Xl
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Question #1 Prove that
(1) sin(180°" +&)=—siné
(i11) tan (270° - 0) =coté
(v) cos(270° + 8)=siné@
(vii) tan(180° +8)=tan@
Solution
(i) L.H.S
= sin(180 + &)
=sin180 cos@ + cos180 sin &
= sin(0)cos@ +(—1)sin g
=0—sinéd
=—sind = R.ILS

(i) LH.S
= cos(180" + 0)

l

=—cosé

(11) L.H.S
~ tan (270" )
_ tan270" —tan @
1+tan 270" tan &

tan 270° (1— tan o )

tan 270°

tan 270° (tan 1270° +(an 6’)

(l_tané?)
(c}o+'tant9)
NI-0) 1
(O+tan@) tan@
=cotd =R.ILS

(iv) L.H.S
= cos(6d—180")

l

=—cosé

(i1) cos(180° +6)=—cosd
(iv) cos(@—180")=—cosf
(vi) sin(@+270")=—cos@
(viii) cos(360° —@)=cos@
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Question # 9 If sma:g and smﬁzg where §<0{<7£ and %<ﬁ<7z. Find

(1) sin(a+ f) (i) cos(a + f3) (iii) tan(a +B)

(iv) sin(a — ) (v) cos(a— f3) (vi) tan(a = f3)
In which quadrant do the terminal sides of the angles of measures (& + £) and (a—f) lie?
Solution

(i) sin(e + )

=sinacos f + cosasin
Now we find sina. cosa. sin . cos 8

' : 4 /4
given sma'=g 5<6¥<717

. 12 T
sin p=— — L HEE
F 13 ol ¥

Now cos’a=1—sina

/4
. —<a<7w
cosa=t\l—sina 2

- _\h —sin’¢ | As terminal ray of « lies in the

W IInd quadrant so value of cos is —ive
A3
5

2l6
25

s = cosa,':—%

~\o5

—41

Now cos” f=1-sin* i
cos fB=+yf1—sin” 3 5<ﬁ<7‘7
A /1_ sin? B As terminal ray of £ lies in the

— IInd quadrant so value of cos is —ive

~-(8)
=
169

1
2
16

’ 5 3
— = |cosf=——
9 P 13

D B
65 65
56
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X X 4 T
Since sSmma=— ; — <<
5 2
. 12 T
sin f=— —< f<x
13 2
Since cosPa=1-sinad = cosa=+\l-sin‘a
cosa=— l—sm o

cos’ f=1-sin’ f
= cos f=4y{1—-sin’ B

cos S =—f1—sin’

= cos f=— / _(%T =

(i)  sin(a+ B)=sinacos ff + cosarsin 3

Now

-2

(i)  cos(a+ B)=cosacos f=sinasin

B

(iii)  tan(a+ f)= costa+ ) _3%5 ik

1v), (v) & (vi) \L

Since sin(e + fY is —ive so terminal are of a+ £ is in IIIrd or IVth quadrant

sinfe+ B) _5%5 _56

cosg=——
5

56
65

B
65

3
cosp=——
F 13

and cos(a + ) is —ive so terminal are of a+ f is in IInd or IlIrd quadrant

therefore terminal ray of &+ £ lies in the IlIrd quadrant.

Similarlyafter solving (iv), (v) & (vi) find quadrant for & — f yourself.

As terminal ray of & lies in the
IInd quadrant so value of cos is —1ve
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l

(1v), (v) & (vi)
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Question # 10 Find sin(a + £) and cos(a + f3), given that

(1) tana = i sin f3 =% and neither the terminal side of the angle of measure & nor

that of f is in the I quadrant.
Solution

(i) sin(a + )

=sina cos f +cosa sin B
Now we find sine, cosa, sin B, cos 8

Since tang = g
4

Now sec’a=1+tan* &
secx=*\1+tan’

T tanZ¢ As tana is +ive and terminal arm of & in not
Y2 in the Ist quad. Therefor it lies in IIrd quad.
=— 1+ [Z] and value of sec is —ive

\/ 9 25 5
TR T W o F
16 16 od

L = |cosa= i
= =
sec A 5

=tana = siInd=tand cosa

]

Now cosag=

singa
cosa

: 3 4 . 3
= slna=|— || —= = |sin=——
[‘J[ 5] S

: 3
Since cos f=—
ﬁ 13

Now

Now sin’ f=1-cos’

sin § = tJ1=cos® 8
¥ <o Tcos’ B As cos f is tive and terminal arm of f is

not in the Ist quad., therefore it lies in fourth
[ 5 jz quadrant so value of sin is -ive

13

\/ 25 J144 . 12
=—[1- =— = |sinff=——
169 169 13
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Question # 10 Find sin(a + £) and cos(a + ), given that

(i1) tana = —% , sin f= —% and neither the terminal side of the angle of measure & nor that

of £ isin the IV quadrant.

Solution
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Question # 11

Prove that: ————=tan37"
cos8 +sin8

Solution
R.H.S = tan37° v 37=45-8
= tan(45—8)
tan45 —tan &
- 1+ tan45 tan &’

_ 1-tan¥
1+ (I)tan&"

sin&°

1—
___ cos¥
sin 8"

L

cosR®

cos8 —sing’

_ cos®’
cos8 +sm¥

cos¥’

cos® —sin &’

cos8 +sin®”

=L.H.S
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Question # 12 If «, B3, 7 are the angles of a tringle ABC', show that

B o T e B B e I
. cot7 +cot7+ coti = cotjcoticoti
Solution
Since &, f and ¥ are angles of triangle therefore
a+[+y=180
= a+5=180-y
_ a+ﬁ:1802—y
o ﬁ ¥
= 2 3 =90 5
a. P_ ik
Now  tan(§+4)=tan(90-5)
a yil
tan—= + tan
— 2 2 =cotZ 3 tan(90—z)=cotZ
1—tangtanﬁ 2 % <
2 2
1 1
a.. B %
tan7 tan?[tan g tan g) ¥ cotg+cot% ¥
=3 ﬁ =c0t5 = P ﬁ =c0t§
taﬂ—ta 7[0[/3—1) coticot > -1
2 2
Lot @ et X cot Eooid )
= c0t2+cot7—c0t2 coticot2 1
b o _ B ¥ g
=> c0t7+ coti cot+ 3 cot 3 cot 5~ cot 3
AP P . 0
= cot 3 + cot > + cot 5 tjcot 2c0t§

Question# 13 If a+ f+ y=180°
Solution

Since a, f# and ¥ are anglesof triangle therefore

a+f+y=180
= a+f=180—%
Now tan(a+ £) = tan(180 - y)

tang +tan g B
l—tanartan f~ tard 20~
tang+tanf _
1—tanertan § ity

= tane+ tan f=—tan y(1—tanatan )

= tana + tan =
= tan@+ tan J+ tan ¥ = tan & tan

—tan ¥ + tan ¢ tan S tan ¥

Ptany

Dividing through out by tan &tan Stan ¥

tan /3

tano

tan y _ tanatan ftany

tanortan ftany  tanatan ftan y

tangtan ftany  tanatan 5 tan y

= cot fcoty +cotarcot ¥ +cotarcot f=1
= cotacot f+ cot fcoty+cotycota =1

, show that cotarcot f+ cot fcoty+cotyeota =1 _
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Question # 14
Express the following in the form rsin(8 + @) or rsin(€ — @), where terminal sides of
the angles of measure & and ¢ are in the first quadrant:
(1) 12sin@+5cos@ (1) 3sin@—4cosf (ii1) sin@ +cosé
(iv) Ssin@—4cos@é (v) sinf+cosé
Solution
(1) 12sin@ + 5cosd

Let 12=I’COS§0 ................. (l)

and 5= rsinqp ................. (11)

12sin @ + Scos@ = rcos@sin @ + rsin @ cosd
= r(cos @sin @ +sin pcos )
= rsin(@ + @)

Now we find @ and @

Squaring and adding (¢) and (i)

(12)° +(5)%=r" cos” @+ r’sin” @
= 144+ 28=7" (cos2 @ +sin’ go)
= 169 W)

= r=/169 =13

Dividing (i) and (i)

5 rsing
vl rcos g
i=tango
12
= goztan_1i
12

1

12sin@ +5cos@ =rsin (84 ¢)  here r=13 and ¢ =tan" %
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(i1) 3sinf —4cosél

let 3= FCOSEQ vevervveeenenn (l)

and -4 = I’SiH(O ................. (ll)

3sin@ —4cos@ =rcos@sinf + rsinpcosf
=r(cos@sin@ +sin @cosd)
=rsin(8 + @)

Now we find & and ¢ _
Squaring and adding ({) and (i7)

(3)* +(—4)* = r’ cos. @ r*sin” @
= 9+16=r2(c052¢)+sin2¢))
= B =g (D)
= r=+25=5

Dividing (i) and (i7)
_4 _ rsing
3 reose
4 tan @
3
T

3sin@—4cos@ =rsin(f+¢) Mete r=5 and @=tan ' (—%)

(1i1) sinf—cos@

Let = FCOSE -evesimn. i (l)

and —lzi’SiHQ ................. (11)

sin@ —cos @ = rcos @siné + rsin pcosf
= r(cos @sin@ +sin pcosd)
= rsin(@+ )

Now we find @ and @ ,

Squaring and adding (¢) and (i)
(1)* +(=1)* =r’cos’ @ +r’sin* @

=1+1= rz(coszg0+sin2g0)

== B ™)

= r=+2

Dividing (i) and (if)

—1_ rsing
17 recosg
—l=tan¢

= @=tan"'(-1)

sin@—cos@ =rsin(@+¢) here r=+2 and @=tan"(-1)
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(V) cos(270° +8)=siné (vi) sin(@+270")=—cosé
(vii) tan({180° + @)= tan @& (viii) cos(360" —f)=cosf

l
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(1v) 5sin@—4cos@
Let S5=rcos@ --coooovvnrnnnn (1)
and —4=rsin Q e (11)

5sin@ —4cos@ =rcos@sinf + rsin@cosf
= r(cos@sin@ + sin pcosH)

Now we find & and ¢ _ B
Squaring and adding (¢) and @7)

(5)° + ()’ =r’cos’ @+# sin’ @
= 25+16="r"(cos” psin’ @)
= 41=7(1)

= r=+41

Dividing (i) and (77)

—4 _ rsing
5 rcosg
A
5 tan ¢
= goztan_1 (—%)

:rsin(6’+¢9) here r:\/a and go:tanl(_%J

(V) sin@+cos@

Tl  L=gamSfh sme sunve sun sad (1)

and 1=rsing ......cooop. . @R (1)

sin@+cos@ = rcos@sin @+ rsin @cosé
=r(cos@sii@+ sin @cos &)
=rsin(@+¢)

Now we find @ and @

Squaring and adding (i) and (i)
1)+ =r"cos’@+r’sin’ @

=1+1= VQ(C082§0+SiIl2 go)

=% J=g= (1]

= r=2

Dividing (1) and (i7)

1 _ rsing
T FCcos@
l=tan¢

= p=tan" (1)

sin@+cos@ =rsin(@+¢@) here r=+2 and @=tan™ (1)
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(vi)
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Question # 2 Find the values of the following:
(1) sin15° (i1) cosly (1ii) tanl5

Solution
(1) sin15
=sin(45—30)
=sin45 cos30 —cos45 sin 30

=£j{3J(\éfJ—(5J@

T2 22

_3-1
22

(i1) cos1y
=co0s(45-30)
=c0845 cos30" +sin 45" sin 3¢
_ V3 . N
T 2\2 242
_ Bl
a2

(i) lan15’
=tan(45—30)
¢ tan45" —tan 30

1+tan45” tan 30°

-4 _1-

EEOICARE:

_3-1
_\/§+1

& &

For (iv),
Hint: Use 105=60+ 451
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- (v) and (vi),

Hint: Use 105 = 60 + 45 in these questions

l

Question # 3 Prove that:

(1) sin(45° + &) = % (sin @ +Cos &)

Solution
(1) L.H.S = sin(45+a)
=sin45 cosa+cosd5 sing

coso + —sm OJ)J
(cose +sin a’)

(Sinar+cosr) =R.H.S

(i) L.H.S = cos(45 + )

l

(cosa —sin &)

2

(1) cos(45 + )=

V2

L(COSOJ —sin &)
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Question # 4 Prove that:
(1) tan(45+ A) tan(45— A)=1 (1) tan [% — HJ + tan [377[ + 9] =0

sin @ —cosé@ tanQ

T rd
1) sin| é+— |+cos| 8 +— |=cos@
(i) ( 6} [ 3] (iv) 2
cos@ +sinf tanE 2

y I-tanftang cos(8+ @)
l+tanftang cos(—@)

Solution
(1) L.H.S = tan(45 + A) tan(45— A)

_ [ tan45" +tan A tan45” —tan A
l1—tan45 tan A ) |\ 1+ tan45 tan A

wof _ Lotan A I—tan A
I-(Dtan A J {1+ (Dtan A

_(1+tanA\(1—-tan A
l—tanA/\1+tan A

=l=RHS
- /4 37
(it) L.H.S = tan[——é’] +tan[—+t9j
4 4
tanE —tan @ tan 3—7[ + tan @
- 4 4 4

1+tan%tant9 1—tan377r tan &

1—tan@ o —1+tan@
1+ (1) tan@ 1—(-1) tan@

_[1-tan@ + —1+tané
1+ tané@ 1+ tan &
_1—tan9—1+tan9

I+ tan@
0

:1+ tan &
~0=RIIS

(iii) I.H.S= sin(@ 37 %) +COoS (0 o %)

_—a z 0 T X in 7
= (smé’cos ¢ +cosé sm6 ) + (COSQCOS 3 sin @ sin 3)

(1n49‘/_+cost9 ) (cos@——sinﬁg)

_ A3
—%40+§cost9+§cost9 in

=icosé = RH.S.
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(iv) LH.S=

sin@ —cosé@ tang

cos@ +siné tang

sin 2]

2

74
cos3

sin @ —cosé@

sin g

cos@+sind

COS%

: o _ . G
s1nt9c032 costé’sm2

g

COS5

2
& . @
cos@cos 3 + sin &sin 3

COS%

: g _ -
Smtﬁ?cos2 cos@smz

(v)o, LHS =

sin(6-8)

8 _ Wrn. @
cosé@cos 3 -+ s1nt9sm2

s

1—tan@tan ¢
1+ tan @ tan @

|_Siné sing
cos@ cos@

sin@ sing
cos@ cos@

cos@cos@—sin@sin @
cos@cos@

cos@cos@+ sinfsin ¢
cos@cos@

cos@cos@ —sinfsin @
cosfcos@ +singsin @

cos( +¢) RIS
cos(@—¢)
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Question # 5

Show that: cos(a + f3) cos(a— f)=cos’ & —sin” f.=cos” f—sin’ «
Solution
L.H.S = cos(a+ ) cos(a— )

= (cosacos f—sinasin B){cosdcos S + sin asin f3)

= ((cosafcosﬁ)2 —(sinasin ﬁ)z) =cos” & cos” f—sin” @ sin®
=cos’ & (1—Sin2ﬁ) —(1— cos’ (Z) sin®

=cos’ a—cos” a sin” f=sin’ ff+cos’ @ sin” f
=cos’a—sin’f .. g ¥......... (i)

=(1—sin” &) — (L-2¢0s” )

=1-sina—1%cos’

=cos’ B—sin ........onn. (ii)

Question # 6

Solution \L

Hint: Just open the formulas
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Question # 7 Show that

. _ cotacotff—1
() eoars )= cota +cot

(i) tana +tan f _ sin(a + )
tana—tan f  sin(a— p)

Solution

(1)

(i)

(i) LH.S=

L.H.S = cot(e+ )
_ 1
~tan(a+ )
_ 1
~ tan@+tan
1—tanatan §

_l-tanatan
tan o + tan 3

_ tEWJ"Han/ﬁ(t::lnafltan,ﬁ’_l)

W(ta& g )

_cotacot ST
cot f +cote

L.H.S = col(a— f)

R.ILS

_ I

~ tan(a — p)

- 1

~ tang—tan §
1+ tantan

_l+ tan&tan S
tan = tan 3

_ W (tan altan Jo] +1)
W(m& g~ i a)

_oLota cot f+1
cot f—cota

= R.H.S

tan o + tan

tan @ — tan

sina Siﬂﬁ :

CoOSt cosﬁ

sing _ sin 8

CoOS& cosﬁ

sincos f + cosasin 5
cosacos 3

sin cos ff —cosasin
cosacos B

_ sinacos f + cosasin 3

~ sinacos f—cosasin f§

_Sin(@+ ) _prg

sin(ax— f3)

(ii) cot(x— ) =

cota cot f+1

cot f—cota
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Question # 8 If sino:=i and cosozzﬂ where 0< @ <2 and O<ﬁ<£.
5 41 2 2
133
Show that sin(a— ) =——
@-pl=c

Solution
L.H.S = sin(cc— B)
=sinacos ff —cosasin

Now we find sina. cosa. sin . cos 8

. 4 ”
givel) SIES | ¢ Haes-4
2

- 40
cosa=—1| ; 0<ﬁ<£
41 et

Now cos’a=1-sin’«

7
: O<a<—
cosar =+l —sin& % 7

Y Since terminal ray of ¢ is in the first
=+/1—gifi" & cTe
quadrant so value of cos is +ive

2

. 1_@
3

v 16 _ /i
25

Cosg =

Now ‘sin’ f=1-cos’

z
sin = +4f1—cos® B O<ﬁ<5

- ’l—cosz[)’ Since terminal ray of [ is‘in‘the‘

first quadrant so value of sin is +ive

N

\] 1600 \/81
1681 V1681
9
a1

(40 (3)( 9
(555
160 27 133
205 205 205
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